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A theory for the s-polarized optical properties of a metallic slab of arbitrary thickness is
presented. The light can be incident upon the slab at an arbitrary angle of incidence, and it

is assumed that the surface electron scattering is diffuse.

Interesting oscillatory structure

appears in the absorptance for a thin film when the frequency is in the range 0.01w,—0.1w,,
where w, is the plasma frequency. The origin of this structure is discussed. An expression
is derived for the absorptance of a thick sample in the infrared.

I. INTRODUCTION

Significant progress has been made of late in
incorporating nonlocality into the theory of the
optical properties of metals. !~® These studies,
in which the electron scattering at the surface has
either implicitly or explicitly been taken to be
specular, have, in general, involved extensions of
the pioneering work of Reuter and Sondheimer, "
Dingle, ® and Mattis and Dresselhaus® to include

arbitrary incident angles!'®® and/or finite thick-
ness samples, 248

There is now considerable evidence that a more
generally valid description of the optical properties
of metals is afforded by considering the surface
electron scattering to be diffuse rather than specu-
lar. That is not to say that specular scattering
does not occur. Indeed, for some materials,
surfaces can be prepared in such a way that the
desired degree of specular reflection can be ob-
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tained.'® However, a theory for the case of dif-
fuse scattering would be highly desirable. For
normally incident light, such a theory already
exists for thick crystals”® and also for thin films. u
The ease with which these theories can be general-
ized to include light incident at non-normal angles
depends in large measure on the type of polariza-
tion involved. For p polarization, where the
light generates a longitudinal field, and effects
such as electron-hole pair production and plasmon
excitation result, !=° the problem is very difficult.
However, for s polarization, where no longitudinal
effects occur, the problem is somewhat easier and
it is this case we consider here. Clearly, p po-
larization involves more processes of physical
interest than does s polarization. However, s
polarization is not without interesting aspects
and, in addition, the mathematical techniques de-
veloped in the solution of the s-polarization prob-
lem are applicable also to the case of p polariza-
tion and are now being so used.

The basic relations between the optical prop-
erties and the surface impedance are developed
in Sec. II. Section III contains some brief re-
marks concerning the surface impedance for a
semi-infinite metal. Calculations of the surface
impedances for thin films are given in Sec. IV,
and in Sec. V these expressions are used to ob-
tain an approximation for the absorptance of a
semi-infinite crystal in the infrared. The results
of the optical properties calculations are presented
and discussed in Sec. VI,

II. BASIC RELATIONS

The coordinate system to be used in the analysis

FIG. 1. Slab orientation and field geometry used in
the calculation. The incident, reflected, and trans-
mitted electric fields are denoted E;, E,, and E;, and
the incident angle is 6.
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and the orientation of the slab are shown in Fig.
1. A plane wave of angular frequency w with a
velocity component in the + z direction is incident
from vacuum at an angle 6 upon that surface of
a nonpermeable metallic slab located at z=0.
The slab is of thickness d and is backed by
vacuum. In this s-polarized arrangement, the
electric field points in the y direction. The am-
plitudes of the incident, reflected, and trans-
mitted electric fields are, respectively E;, E,,
and E,. With a phase factor exp[i(gx - w?)]
understood, we can write

E;explig,z) + E, exp(-iq,2), 2z<0

Ey(2)= E,(2)], 0<z<d

E, expliq,(z - d)], d<z  (2.1)
where g,= wsind/c, g,=w cosb/c, c is the velocity
of light, and E,(z) is the electric field within the
slab. From Maxwell’s equations, we then find

for the magnetic field component B,

~ E; cosf exp(igz) + E, cosb exp(—1iq,z), 2<0

Bx(z): EM} s 0<Z<d
w dz

(2.2)

d<z

The continuity of the tangential field components
E, and B, yields

EI+E1=Em(O) ’ (2 3)
Et = Em(d) ) (2. 4)
ic dE, (0)
-(E,-E,) COSH:;—'Ldz , (2.5)
and
_ _ic dE,(d)
E, cosé " —”'——dz (2.6)
Defining the surface impedance Z, by 12
Z,=~E,/B,, 2.7
we have, from Egs. (2.2), (2.4), and (2. 6),
Z(d)=1/cosf. (2. 8)
Equations (2. 2), (2.3), and (2. 5) lead to
(2.9)

E;+E
i 7r
Ei E, = Zs(O) cosé N

and thus,
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E, _Z(0)cosé -1

E;” Z,(0)cosf+1 (2.10)

Subtracting (2. 5) divided by cosé from (2. 3) yields

E;= E,(0){1+[2,(0) cos] ™), 2.11)
and hence

E, 2E,(d) (_Z(0)cosf

Ef- E,(0) (W) . (2.12)

The above equations represent a complete
description of the optical properties since the re-
flectance is given by

R=|E,/E,|*, (2. 13)
the transmittance by

T=|E,/E, |2 , (2.14)
and the absorptance by

A=1-R-T. (2. 15)

Thus, the electric field at the surfaces and the
surface impedances are needed to specify the op-
tical parameters.

It should be noted that the present system for
specifying the optical parameters results in a re-
flectance which is identical in form for a slab and
a semi-infinite medium. This is in contrast to
the usual system®? for slabs in which two fields
of specific symmetry about the slab center are
utilized. The reason the system used here was
selected is the form which results for the surface
impedance at the slab back, Eq. (2.8). This ex-
pression can very easily be modified to allow for
the presence of something other than vacuum
backing the metallic film.

For convenience, we will develop our results
below in terms of a set of dimensionless param-
eters. The electron gas with which we shall be
concerned is comprised of electrons of charge
-e, mass m, and mean density »n, In addition,
the electronic system is characterized by a
Fermi velocity v, a Fermi energy €z, and a re-
laxation time'® 7. In terms of the plasma fre-
quency w,,

wp= (4mnge?/m)*’?,
we define
Q=w/w,, y=(w,m)?, W=w,d/c,
(2.16)
Q,=9sinb, Q'=Q+iy.

Q is the dimensionless frequency, Y a measure
of damping effects, W the dimensionless slab
thickness, and @, the wave-vector component of
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the incident wave parallel to the slab surface in
dimensionless form.

III. SEMI-INFINITE MEDIUM

It is a straightforward exercise to generalize
the results of Reuter and Sondheimer” and
Dingle® to obtain the surface impedance for dif-
fuse scattering when the light is nonnormally
incident. The result is

By - Q*— Q% (Q,9)>
Zs__zm/ﬁ dQ,ln(————Qi-‘———- s (3.1)
where
@P=Qi+Q:, (.2)

and €,(Q, Q) is the transverse dielectric constant
of the electron gas which we take here to be'’

(@, Q)=1-1,/(QQ") , (3.3)
with
fe=H+u?+1) —5% El —(z —u’)ﬂﬁn(ﬁ—i—%)

+[1 = (z+u")?)? 1n(%>] , (3.4)
where

z2=Quw,/2mvc, u'=Q'[Q/c)]* . (3.5)

This dielectric function is an extension of the
transverse dielectric function of Lindhard®® in
that it includes a finite electron lifetime. Its use
here represents a generalization over the use of
the transverse dielectric function obtained from
the Boltzmann equation. !”

For comparison with Eq. (3.1), we give here
the surface impedance for s polarization and
specular sca.ttering1

29 (7 dQ
Zs|spee. = L P - - (3.6)

Results for the specular case have previously
been presented. !** Equation (3. 1) for diffuse
scattering can be integrated numerically to obtain
values of the surface impedance. However, an
accurate integration requires a significant amount
of computer time., Since the general result for a
finite thickness sample yields the same informa-
tion more easily, a discussion of the results for a
semi-infinite medium will be deferred until Sec.
VI

IV. FINITE THICKNESS SAMPLE

Consider now the slab of Fig. 1. We write
Ampere’s law as
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-

><B=—‘%’-3+ 58 (4.1)

at ’

alm

where €, a function of w in general, includes ef-
fects of core polarization and interband transitions
when present, and reduces to 1 when such effects
are ignored or unimportant. '®* With the electric
field of Eq. (2.1), we obtain from Maxwell’s
equations

d°E. ' (2)

2
—JZT—+<T qx)E()——g—T%gJ(z) 4.2)

since V- E=0 for this s-polarized situation.
To obtain J,,(z) we use the Boltzmann equation,

9 Iz
._fs..—E Vefi+ Vi fok—<afik‘) listons
collisions

ﬁ
where f; is the one-particle distribution function
and ¥; = 7k/m. We assume

(4.3)

fi=fo+ (%, 2) expli(g,x - wi)], (4.4)

where the equilibrium distribution f; for the elec-
trons is the Fermi distribution

fo=fexplBleg - w)]+ 1}

with B=(25T)™, and u the electronic chemical po-

tential. The function f; is to be proportional to the

electric field. Making the relaxation time approxi-
mation**

?A) __fizh 4
<3t collisions T ’ ( ' 5)
we have
Low-en (D) (4.6)
k
where
£= iqx(vx/vx) -iw ’/Uz ’ (4 7)

w'=w+i/T,

and v,, v,, and v, are components of V3 .
The general solution of Eq. (4.6) is

fee 1@ o Z)(D) B0 as]

where F(\'r;) is an arbitrary function of V. For
electrons moving with v,<0,

fim e e J2)( ) [ et ds] .90

and for electrons moving with v,>0,

The diffuse scattering boundary conditions will be
used to determine F*. These boundary conditions
require (i) f;=0 at =0, (ii) f;=0 at z=d.
Thus,

F*(3)=0

and

F-(p)= —e(Z?)(zlz)ﬁ)d E,(s)e* ds.

Equations (4. 10) together with Eqs. (4.9) lead to

(4.10a)

(4.10b)

fI=e"[ <8€k>< >f E, e‘sds] (4.11a)
and
fi'=e"’[e(%%><§:>LZEm(s)e“ds] . (4.11b)

To obtain the current density J,(z) given by

) dv, dv,dv,, (4.12)

Jy(2)= - Ze(m/h)sf‘vyfl(‘;k,

we use Egs. (4.11) and proceed as in Ref. 1. We
find

J,(2) = (47e%/1%) (mv)? f}' Ep(s) ds
X fom sinatana{Jy g, tana(z - s)]

+JY [g,tana(z - s)] fexp(iw’seca |z — s|/v) da

(4.13)

Making the variable change {=seca, J, can be
written

2 d ©
0= 2 o [ et [ ;- 5)
) {Jy[g.(z = s) (¢ - 1)'7]

)2} explin’t |z - s|/v),
(4.14)

+ JZ[qx(z - S)(t 2 -1

and so, from Eqgs. (4.2) and (4. 14), the integro-
differential equation we must solve is

%lﬁ(i)+%(€—sxn 0) E,(z)= fE(s

« 1
X dil = -
Sl -

_13_ ) 1T a.(z = s) (12 ~1)172]



2
- hlae = (et <1 exp WMl =S]
(4. 15)
where
= — (iw/1®)(4memv/0? . (4.16)

The imaginary part of t
in the expression for J,(z) 1s

ponent appearing

wt]z-—s}/v, (4.17)

while the magnitude of the argument of the Bessel
functions appearing in J,(2) is

wsind|z - s|(t2-1)""%/c . (4.18)

Since ¢ >1, (4.18) is much less than (4. 17)'° and
the integral on ¢ in J, is dominated by the oscil-
latory behavior of the exponential. Indeed, es-
sentially all of the contribution to the integral on
t will occur for (4.17) s 1 which means (4.18) <1,
Hence, we can expand the Bessel functions,

Joqu(z = 8)(t% =1)"2] 4+ I g, (2 = s) (¢ % = 1)1?]
=1 -3¢z - 9)%(t?-1)

4

+1bz gi(z =) (2 =17 = -t (4.19)

integrate term by term, and expect a rapidly con-
verging series.

_

Kv
2w’
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The above procedure also reflects an important
physical point. Rapid convergence of the series
resulting from the expansion (4. 19) indicates that
the kernel in the current density is nearly indepen-
dent of the incident angle as (4.19) is also an ex-
pansion in sin®6.

Using (4.19), the equation we must solve
becomes

2 2 ¢
———z-—di’"(z) +(:7— (€ —sin®6) E,(2) ~ gj; Ep(s)ds

xfl”dtG -;15)[1 ~1g2(z - %1% = 1)

+187 ¢4 (2 = 5)*(t% = 1)? Jexp(iw't| 2 = s| /2) .

(4. 20)
Assume now
E’(nO)(z) - ei waz/v s (4. 21)

where « is an undetermined parameter. The use
of (4.21) in the left-hand side of (4. 20) yields

[- (w'a/v)?+ w?(e ~ sin?0)/cPle tw'ee/y, (4. 22)

while from the right-hand side we get

[_ eiw'az/vKl(a) +f dt F1(t, a)eiw'tz/v+ eiw'ad/vf thl(t; - O!) eiw’t(d-z)/v] _I%in (,U/iwl)s
1 1

><|:— Zei“"“‘/"Ks(a) +f dtFq(t, a)et 'tV G(z, a, t)+ ei“""“””f” dt Fyt, — a)etv't 4/ G(d - z, — a, t)]
1 1

+357 Kqs (v/iw")[ =~ 24 ' "2V K (a) +"/1- dt Fy(t, a)et“' /" H(z, a, 1)

+eiw' adlvj; ths(t, - Ol) eiw't(d-z)/v H(d— z, -, t)] s

where
e (tz_l)(nﬂ)/z 1 1
Kn(a) "ﬁ dt t3 <(t - Ot)"+ (t+ O!)" ’
(4. 24a)
2 _ 1)(n+l)/2 1
F,(t, @)= (1) (4. 24Dp)

t3 (t-—oz)" ’

(4.23)

Gz, a,)=(Az)2 -24z+2 , (4. 24c)

H(z, o, t)=(Az)* ~4(A2)°+12(Az)% - 244z + 24 ,

(4. 244d)

and
A=iw'(t-a)/v . (4. 24e)

Now choose « such that
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v 2

k@) -5 (%) K

w2 w? 2 Ko
(= a —~8in“) = = —— —Ax
( ) +z (€ — sin®f) iw,Kl(a)+ 8 7w
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(4. 25)

16 \iw’

which leaves terms in (4. 23) proportional to kv/2iw’ and involving the functions F,. If we then add to E{(2)

the field term E'(z2),

Ef,,l)(z) - %K(v/iw')s[flwdtei“"t”/”D(z, a, 1)+ eiw'ud/vflw dt et w’t(d-z)/vD(d -z, -aq, t)] s

where

(4. 286)

2
D(z, o, t)=22{® 1 (‘M> "Ry, a)(G(z’ o 1) [4Az(t° - af) 207 - of)] |

TGE ) T8 i (t%+T)

8t%(t - a)z)

(t%+T)? (Z+T)

192 \iw’ (t?+T)

1 (-‘L‘—”>4F5(t, a)<H(z, a, t) +[— 8(Az)% (12— af) +12(A2)%(t% - a?) — 24A2(¢2 — @?) + 24(1% - a?)]

(t%+1)*

[48(A2)%%(t — @)? —96Azta(t — @)®+ 24(¢% - 0®)?]

* %+ 17

(4. 27a)

. [-192428(¢ - @)%+ 96¢3(¢ — a)¥(= £+ 3a)]

(te+1)t

and
I'= - (w/w"?(v/c)? (¢ - sin®) ,

then operating on E! with the operator on the left-
hand side of Eq. (4. 20)

2 2
;Z-z +% (e —sin?6)

(4. 27b)

(4. 28)

yields terms which precisely cancel those terms
in (4. 23) which involve the functions F,, that is,
those terms in (4. 23) not included in the deter-
mining equation for «, Eq. (4.25). However,
there then arise terms proportional to 62, where
6 is defined by
6=3k(v/iw")® , (4. 29)
when E'" is used in the right-hand side of Eq.
(4.20). These terms would in turn be cancelled
by adding a field term E'2’, proportional to &%,
which would yield these terms when operated on by
the left-hand side operator (4.28). Clearly, this
procedure yields a solution for the electric field
E,, which is a power series in 6. Each term of
this power series, except the first, is also a power
series, but in the parameter [(vsing)/cJ?. Thus,
the solution represented by

E,=E! +EV (4. 30)

includes terms up to order 6% and, within the terms
in the 6 series, terms up to order [(vsind/c]® have
been retained. 2°

The above nested-series solution is useful only
if the expansion parameters are such that the series

38414(¢ - a)4>
(t*+71)°

converge quickly. Since v/c <1072 the series in-
volving (v/c)? converges quickly as was already
noted above. In terms of the dimensionless param-
eters of Egs. (2.16), we have

5=3(w/c)2q/Q" .

With damping such that ¥< 1073, the solution (4. 30)
will be valid for

(4.31)

v 1)2
- =) « >
(c Q) 1 when >y

and

(v/c)? %« 1 when @<y .

Potassium, for example, has' »=0.85x10° cm/sec,
and thus our solution is valid for £ >10"2 or
<10, If damping is severe, y 2107, then |5]«1
for all @, and thus our solution is valid for all Q.
In general, then, we have a solution valid every-
where but in the frequency region of the extreme
anomalous skin effect. In particular, we have a
solution valid in the optical region £ >102

Equation (4. 25) which determines « is even in a.
Thus, a general solution for the electric field is
EZ(z) given by

E;(2)=E,(2)+ PE,(2), (4.32)

where E, (z) is given by (4.30), E,(z) is E,(2) with
a~—aq, and P is a parameter to be determined. 2!
We can now obtain the necessary component of the
magnetic field from Eqgs. (2.2) and determine P by
using (2. 8). We then have available all the quan-
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tities needed to calculate the optical properties.
However, they are not yet in useful form. To be-
gin to remedy this defect, let us make an estimate
of the size of . This turns out to be very useful
since the result leads to marked simplifications
in evaluating integrals such as those in Eq. (4. 26).
Expression K,(a), Eq. (4.24a), can be evaluated
exactly. The results for those values of » needed

here are
1 l+a
[2a+(a -—1)1n<1 —a)] s

=—5[ 6a+(3~a? ln(ii(z)}’

Ks(a)_ [26a+1—4-——2—+(3a - 15) G:Z)]

Kl(a

Ky(a) (4. 33)

Consider then Eq. (4. 25) for the electron gas, i.e.,
€=1. The terms involving K; and K; should involve
small corrections so ignore them for the moment.
Then,

af e~ (Z g——) [e,(a) —sin%0] , (4. 34)
where
2
(@=1-3 Q,[(;l§+a—2§§lln(%—+:g—>] (4. 35)

v  siné

2
En(0)= 1+6[15 12 35(“ +0)- 105 <c (L

1 (v @ sind\? [fio'Ww\? QW
s (o) [OF) oo
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€,(a) is the transverse dielectric function for the
electron gas as obtained from the Boltzmann equa-
tion. 2 The presence of the factor (v/c)? outside
the bracket in (4. 34) suggests that « is of order
(v/c), and thus small. «, the lowest-order ap-
proximation for @, results from taking @ =0 on
the right-hand side of (4. 34). Thus,

1 )1/2
o’ )

Keeping terms of order a? on the right-hand side
of (4. 25) leads to

ay= % % (cosze (4. 36)

aza1 -4 (v/c)2Q/Q"] (4.37)
through terms of order (v/c)?. Hence, a~(v/c)
X(1/Q) for >y, so |al<1 in the frequency range
©>10%  Since this is the frequency range of in-
terest here, we can exploit this fact in evaluating
the electric and magnetic fields. This field evalua-
tion is tedious and only the results will be given.
Defining

x™" dx,

I(s)= [, e (4. 38)

we find

) ] 5 ot ¥Wallvie) {([4 —Ig) = a(ly =)+ (a®+ T)(I; - Iy)

)(13 215+I7)+12(I4—216+15)]} , (4. 39)

where we have assumed «a is small and terms through order (v/c)? have been retained. The argument of

all the I, in Eq. (4.39) and the equations below is [iQ'W/(v/c)].

Qaw

E,(d)=ex p(Z

Similarly

c Q' i

+0 {(14_16)+ a(l; =) + (@2 + T) (I, ~ ) _% (2-“—%’-)2 [(M>z(12_214+16)

v/c

m'w) (iﬂ’aW)[_Z_ a2, 12 (v Q sing\?
‘6(_‘1)/4: (13—2[5+I7)+12(I4—215+13)]}+6exp 2 15—12+35(a+r‘)—ﬁ<;§—; : ) ,

vy €R col [1 2 1
B"(O)"vﬂ“‘vﬁé[z’fﬁ 12(‘“”‘“(

(a4 D)5 L)+ ;(” QS{“) [(fQ'W> (I - 2L+ 1)) - 4(’9 W) (12-214+16)+6(13-215+17)]l

v/c

7

i aW

. € _cq’ zQW) 1 2
B,(d)——v Qozexp( o/c 6e p(v/c [ +

v  sind \*1 ¢’ zQ'an
) 1o e see(
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64ty —I) + all, ~ ) + (a?+ T) (I - Iy)

v/c

8\cq i /¢

s 2 O’ 2 o X4
1 g&smé)) [(zﬂ W) (11_213+15)_4<19 w

The properties of the exponential -type integrals
I, are discussed in the Appendix.

Keep in mind that the above field expressions
(4. 39)—(4.42) are the + @ contributions to the
fields, that is, the total electric field E” and the
total x component of the magnetic field BT are
given by

EI-E, +PE; (4. 43)

and

BI=B}+PB; , (4. 44)

where E,, is obtained from E,, by letting o = - q,
and B; is obtained in like fashion from Bj .

V. THICK CRYSTALS AND INFRARED FREQUENCIES

A technique which has been found useful®2! for
testing our understanding of optical properties of
metals is to measure at normal incidence the op-
tical parameters of thick crystals in the infrared
where the absorptivity is nearly independent of
frequency and then, assuming diffuse scattering,
compare the absorptivity with the expression

AR YA N x
Zrz[“e(g) +302 (e —snt) |+ 2 (4 1(-Q

; 1ivy & in? _3_21[
_z{ﬂ [1+8(?2)+ 3 (e - sin®f) 1628 1

Note that Eq. (5.4) is not, in general, separated
into real (Re) and imaginary (Im) parts since ¢ is
complex. '

The above expression together with the absorp-
tance expression for an infinite crystal,

4ReZ  cosb

ao=—‘—‘—L———z
4 |ZscosB+11°’

give the desired approximation to the absorptance.
If we now consider frequencies below which inter-
band effects occur, so that e=1, or, alternatively,
frequencies such that the important damping ef-
fects can be taken into account by considering y to
be an effective ¥, Egs. (5.4)and (5.5) yield

(5.5)

A.=2%ycosh [ —§<57) +§chos26—ycos6]
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o

)(12—2I4+16)+6 3-215+17)]} ) (4. 42)
—
A, =2v+3v/c , (5.1)

which results from a simple extension of the work
of Holstein® and also appears in papers of Dingle. %
The limits of validity of Eq. (5. 1) have not been
examined. We do so now.

Letting W— « in Eqgs. (4. 39) and (4. 41) permits
us to write the surface impedance Z; for the semi-
infinite crystal as

3v 2% [3\/v\?Z% 1 [v\® @
Z=Za~fgcat E) (z) ?f‘"?*iﬁ(;) CLELE
(5.2)

retaining terms through (v/c)%. Z,, the classical
(or local) expression for the surface impedance
for a semi-infinite metal is

Z,, =€ ~sin% - (QQ") ]2, (5. 3)

Since we are here interested in the infrared, let
us assume Q<1, Q%lel< 1, and y<<Q. We then
find

2 2 )
Y\|, _83 <Y> 1
9) ]* 1280 \C n]} (6.4)
|
3(v Ay
+4<c>cose [1 —<Q> -2y cosﬂ]
v\2 65 v 9
+(;) cosf [—mﬁg—ﬁcos(i] (5. 6)

The correction terms appearing in (5. 6) but not in
(5.1) will be seen in Sec. VI to be important in
some cases.

VI. RESULTS AND DISCUSSION

Calculations of the optical properties have been
made for v=0.85%10% cm/sec representing po-
tassium and v=1. 34%x10® cm/sec representing
aluminum. We have also considered €=1, thereby
eliminating interband effects. However, some
comments on the effect of interband transitions
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appear below.

The absorptance for W=0. 3% is shown in Fig. 2
as a function of frequency. The most striking
feature of these curves is the oscillatory structure
for 10 <2 <10, the origin of which we will dis-
cuss below. This structure appears for 0.1<W
<1.0, being more prominent at large incident
angles for small thickness because the marked
decrease in absorptivity with increasing frequency
for small incident angles tends to deemphasize
the oscillations. The curves in Fig. 2 were ob-
tained for ¥=10" representing moderate damping.
If the damping is reduced such that y=10" these
absorptivity curves drop only~10%. This points
up the insensitivity of the optical properties to
moderate damping when the surface scattering is
diffuse. Increasing ¥ to 1072 roughly doubles the
absorptivities shown in Fig. 2 and the structure

DINGLE
2.0 = A1(8=0°) —

9.0 —

7.0 — —]

AR ool AL (8:0°) |

K(8=0°)

4.0 |- —

Al (8=75°)
3.0 ﬁ —_
2,0

K (8 :=75°— J
1.0 =

0.0 L Loy - [ L
3-3) 6(3) 1(-2) 2(:2)3(2) 6(2) 1) 2¢) 3¢ () 10)
Q

FIG. 2. Absorptance A as a function of frequency
for W=0.3 and Y=10"%, The number in parentheses
along the frequency scale is the power of 10 multiplying
the preceding integer. Curves are shown for electron-
gas densities representing aluminum and potassium and
for incident angles of 0° and 75°. The curve marked
Dingle is for Al at 6=0°, and was obtained using Eq.
(9.1) of Ref. 11. The sharp drop in the curves from
the present theory when £ ~3x1073 probably portends
a breakdown of the theory. Interband effects have been
neglected.

is nearly obscured. The sharp absorptivity drop
for @~3x%107 is probably due, in part, to a break-
down of the theory. 28

Also shown in Fig. 2 is the absorptivity resulting
from an approximate expression, valid when W
> Q, obtained by Dingle. % Since this result is
inapplicable when the frequency drops down toward
the frequency range of the extreme anomalous skin
effect, it is clear from Fig. 2 that this expression
cannot be used in a quantitative manner for thick-
nesses such that W<0.3. However, the oscillatory
structure is very similar to that of the exact theory.

The absorptivity oscillations shown in Fig. 2
occur because the surface scattering is diffuse
and can be understood in the following way. Con-
sider a plane wave of angular frequency w (w
~0. lw,) incident normally upon a slab of electron
gas of thickness d with the geometry as shown in
Fig. 1. Assume for simplicity that the slab is
thin (d<< ¢/w, or W< 1) and that the absorptivity
is small so we can take the electric field amplitude
inside the slab to be constant and equal to that of
the incident wave. We consider the relaxation
time 7-, thereby ignoring damping, assume the
surface electron scattering is diffuse, and adopt
the basic philosophy of Holstein, %

We express the y-directed electric field in the
slab as

E, = Ejcos(wt+ a), (6.1)

where « is a phase angle to be subsequently aver-
aged over. Consider an electron in the slab mov-
ing from the surface at z=0 toward the surface at
z=d at an angle ¢ measured with respect to the
slab normal. When the electron leaves the front
surface it has a velocity 37,. The velocity of this
electron when it reaches the back surface is V,,
where

. . ~ d/(vf cosy)

v,,=vf—(eE(,/m)jfo cos(wt+a)dt, (6.2)
and j is a unit vector in the y direction. Equation
(6. 2) yields

> = eEys[ . wd ) . :l
V== ][Sm<vfcosqo+a —sina| . (6.3)

The energy change for this electron asit traverses
the slab,

AE=3m(T5-VF), (6.4)
becomes, after averaging on «,
2
AE= %m(g—%’«) [1 - cos <—-—£d——->] . (6.5)
mw V4 COSQ,

Since we are here dealing with diffuse scattering,
we can consider the effect of the surface scattering
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to be the restoration of the velocity magnitude to
the value IVfl. Thus, AE is the energy extracted
from the field and deposited within the slab for a
single traversal of the slab by an electron of the
type being considered. Since this same energy
loss results for electrons leaving the back surface
with an initial velocity —V;, the rate of energy
loss for electrons which leave both surfaces with
velocity magnitude |V,| at angle ¢ is (¢< 37)

2 2
e’v; cospEj [1_ wd >:| 6.6
mdw €08 prcose/| (6.6)
The number of electrons per unit area with veloc-
ities such that |V,| is between v, and v;+ dv; and
whose direction is within d¢ about ¢ is

3 (nod/v*)vésing dv, dg | (6.7)

where v is the Fermi velocity. Multiplying (6. 6)
by (6.7) and integrating over half the Fermi sphere
(half because electrons moving both toward and
away from a given surface have already been in-
cluded) yields the total rate of energy loss per

unit area

3n ezEa /2 v .
3 ﬁ&g—j J; dey . dvy v sing cosg
wd
X1 - .
[ cos (vf cosgo)] (6. 8)
To further simplify the analysis, let us consider
wd/v>1, (6.9)

so that (6. 8) becomes, after averaging over vy,

S*TznOQZEg[ﬁ if”/ad sing cos?y sin (—22 )
2 mwi L8 Twade “OSmY ¢ v COSQ

(6.10)

Doing the final integral in (6. 10) using (6. 9) yields
for the total rate of energy loss per unit area

3 ngev E2 v \? wd

16 m ;g 1+8 wd) ©°° _v—)]
Dividing (6. 11) by the incident flux cEZ2/87 yields
the absorptance

(6.11)

31 v 1V <wn)]
A—Bcﬁg[l+8<c WQ) cos\ 72 , (6.12)
which is valid for
W1, (6.13a)
wQ
RAASISSN .13b
Z)/c> 1, (6. 13b)

%/29 <1. (6.13¢)
Equation (5. 12) yields an oscillatory absorptivity
with maxima when

(6.14)

where # is a positive integer, *° which is consistent
with the results shown in Fig. 2. In addition, Eq.
(6.12) agrees well with the general theory when
damping is ignored and the conditions (6. 13) are
satisfied.

Expression (6. 14) indicates that the absorptivity
maxima occur when the time for an electron to
cross the slab in a normal direction d/vis an
integer times the period 7 of the incident radia-
tion, or

d/(wT)=n.

Now this is not the result which would be expected
from a simple resonance-type idea. That is,
absorptivity maxima might be expected to occur
when

d/(’UT):%(Zk - 1) ’

where % is a positive integer, since this condition
corresponds to an electron with the Fermi velocity
crossing the slab normally while the electric field
goes through an odd number of half cycles of os-
cillation. Condition (6. 16) does appear, in a sense,
at an intermediate point in the derivation leading

to Eq. (6.12). Consider the integrand in Eq.
(6.10).3! If we eliminate the factor associated

with the number of electrons in d¢, sing de, then
what remains is

(6. 15)

(6.16)

cos®y sin(wd/v cosy) . (6.17)
This expression has maxima when ¢=0and wd/v
=(2k - 1)7, or (d/v)/T=%(2k —1), which is just
condition (6.16). Thus, when considering one
electron moving with the Fermi velocity, the rate
of energy loss is maximized consistent with the
simple resonance idea. However, when (6. 17)

is angular averaged, as in Eq. (6.10), rather
than maximized in angle, the positions of the ab-
sorptivity maxima occur as given by (6. 14) or
(6.15). Thus, it is the angular average which
finally determines the exact character of the os-
cillatory absorptance.

Condition (6. 14) for the absorptance maxima is
symmetric in W and Q. However, the structure
in A as a function of W for fixed § is less pro-
nounced than that of Fig. 2, particularly for large
incident angles. Absorptivity curves are shown
in Fig. 3 for ©=0.05 and in Fig. 4 for =0. 15;
in both figures ¥=10", For an incident angle of
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FIG. 3. Absorptance A of aluminum as a function of
thickness for 2=0.05 and Y=10"3, Curves for 6=0°
and §=75°are given. The curve marked Dingle was
obtained using Eq. (9.1) of Ref. 11. Interband effects
have been ignored.

75°, the oscillations have been reduced to gentle
undulations. As the frequency increases, the
structure moves toward smaller thicknesses as
is clear from (6. 14). Note that the absorptivity
as a function of thickness has an absolute maxi-
mum at a very small thickness.

Also shown in Figs. 3 and 4 are curves obtained
using Dingle’s approximate expression, ?° a result
which clearly becomes more accurate as the
thickness increases. It should be noted, however,
that damping is included in Dingle’s expression
only in the fashion that it appears in Eq. (5.1).

In fact, the limit of Dingle’s expression as W-
is just Eq. (5.1) as noted above. This means that
the expression of Dingle can be valid only under
conditions where (5. 6) reduces to (5. 1) when 6=0,
in addition to the requirement that W> Q.

Reflectance and transmittance curves as a func-
tion of thickness for the conditions corresponding
to the absorptances of Figs. 3 and 4 are given in
Figs. 5 and 6. In general, structure in A does
not result in apparent structure in either T or R.
Figure 6 does indicate that this is not always the
case.
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For thick crystals and infrared frequencies,
Eq. (5.6) contains correction terms to Eq. (5.1)
which can be important. As an illustration con-
sider the case of aluminum for which the poorest
agreement between theory and experiment was
reported by Biondi and Goubadia.?* Recent mea-
surements by Bos and Lynch® have shown: (i)
There is an interband peak with a threshold some-
what above 0. 26 eV although interband effects
may extend to lower frequencies. (ii) For an
energy of 0.26 eV, or £=0.020, A=0.90% for
normal incidence. (iii) The effective value of ¥
for £~0.020 is 3.7x107, Since the room-tem-
perature to liquid-helium-temperature resistance
ratio was 3000, this suggests strongly that inter-
band effects slowly varying with frequency are
occurring for these energies in addition to the
peak noted in (i) above. For the above conditions,
Eq. (5.1) yields A,.=1.08%. From Eq. (5.6), we
obtain A =1, 04% for £=0. 02 and A=0. 97% for Q
=0.01. These latter results differ significantly
from A, and point up the inadequacy of A,, for this
frequency range. The fact that the calculated A
is larger than the experimental A could result

a
x
Q
T

AN /DINGLE (8=0°)

N

’

1072

5xIO'3"r

o

2x103

1073 ]
0.0 02 04 w 0.6 08 10

FIG. 4. Absorptance A of aluminum as a function of
thickness for £=0.15 and Y=10"3. Curvesfor 6=0°and
0=75° are given. The curve marked Dingle was obtained
using Eq. (9.1) of Ref. 11. Interband effects have been
ignored.
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FIG. 5. Reflectance R and transmittance T for

aluminum as a function of thickness for 2=0, 05 and
v=10"3, Interband effects have been ignored.

from 7y, being smaller than 3. 7x107% or the sur-
face electron scattering being partially specular
rather than completely diffuse, as assumed.

The absorptance for a semi-infinite sample is
shown in Fig. 7. These curves were obtained
using Eq. (3.1) ® for £ <107 and the above de-
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FIG. 6. Reflectance R and transmittance T for alum-

inum as a function of thickness for 2=0.15 and Y=10"3,
Interband effects have been ignored.

veloped theory®* with W~ for £ >10"2 A compari-
son of these curves with those for specular scat-
tering given in Refs. 1 and 3 indicates that the
absorptance dip occurring for specular scattering
as the frequency moves above that of the extreme
anomalous skin effect does not occur for diffuse

FIG. 7. The absorptance for
a semi-infinite aluminum sample
as a function of frequency. Curves
for 6=0°and 6=75° are given for

¥=10"%, 1073, and 107%. The sharp
absorptance rise occurs near

=(cos 6)"!or =1 for §=0°, and

-1
0 l T T T T T T T T T T
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2=3.86 for 6=75°, Interband ef-
fects have been ignored.
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scattering. For the semi-infinite sample, the
absorptance is somewhat more sensitive to mod-
erate damping than it is for a thin film,

Optical properties calculations were also per-
formed incorporating the experimentally deter-
mined interband dielectric function for Al, These
effects do not obscure the oscillatory absorptance
structure if the resulting absorptance is less than
it would be for €=1 and y~1072,

Finally, we wish to comment on the fact that
non-normal angles of incidence manifest them-
selves in the absorptance essentially through a
multiplicative factor cosf. This is the fashion in
which the approximate expression (6. 12) changes
for 6+#0, which indicates that the oscillatory
structure is nearly independent of the angle of in-
cidence. Crudely, this occurs since the dielectric
function of the metal is high for Q@ 10'1, and thus,
through a somewhat questionable use of Snell’s
law, one can conclude that the “propagation direc-
tion” of the fields within the metal is roughly nor-
mal to the surface, independent of the incident
angle. Hence the cosf factor, arising from the
incident flux, is essentially the only source of 6
dependence.
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APPENDIX

The exponential integrals I,(x) defined by Eq.
(4. 38) must be evaluated with some care since the
argument

IW(Q+14y)
v/c
has an imaginary part which is much larger than
the magnitude of the real part for most cases of
interest. It is only necessary to evaluate I;(x)
numerically since the recurrence relation

(A1)

L(x) = (n = 1) [e + x4 (x)] (A2)

can be used to obtain I, for »>1.
It is not difficult to show that I;(x) is given, in
general, by

P
il

s

L(x)=~=C —In(-x) - ) (A3)

[
-

where C=0,577215%7... is Euler’s constant. How-
ever, in the present application the imaginary part
of ¥ can be as large as 10%. Thus, the series (A3)
is of questionable utility is some cases. The
asymptotic series

e* 1! 2! 3! k!
Il(x)—-—;(1+}-+;g+?-+ +E* ) (A4)
can then be used. For the paraméters of interest
here, W<10, 10°< Q< 10, s 107, v/c~107% we
have determined empirically that this asymptotic
series yields accurate results when x| >14.,
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Effect of Hydrostatic Pressure on the Fermi Surface of Bif
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We present data on the pressure dependence of the smallest extremal cross-sectional
areas of both the hole and electron sheets of the Fermi surface of Bi. The cross sections
were determined from measurements of the frequency of de Haas—van Alphen oscillations

detected with the field modulation technique.

Pressure derivatives obtained using solid He

and fluid He were in excellent agreement, thus removing any doubts about the hydrostatic
nature of the stress in the solid-He portions of the work. Values for the pressure deriva-
tives of the effective masses associated with these cross sections were obtained from mag-
netization-amplitude-versus -temperature measurements in solid He to ~4 kbar. Our values
for the pressure derivatives of the cross sections and masses differ in detail from and have
somewhat less uncertainty than the most recent literature values. No change in the initial
phase of the de Haas—van Alphen oscillations associated with the smallest extremal cross-
sectional area of the hole sheet was detected in contrast to the findings of Overton and Berlin-

court.

I. INTRODUCTION

Bi was the first metal in which studies of the size
and shape of the Fermi surface as a function of
pressure were attempted. ~® Although much of the
earlier work suffered from the inadequacies of the
pressure techniques in achieving hydrostatic com-
pression on nonisotropic crystals, it was estab-
lished that large changes in the electronic energy
spectrum were occurring with pressure. These
large changes are not surprising in view of the an-
isotropy of the structure and elastic properties of
Bi.

Bi crystallizes in the arsenic structure, which
can be thought of as two face-centered-cubic sub-
lattices displaced from each other along a body di-

agonal with a small rhombohedral distortion along
this diagonal. The effect of pressure on the Bi lat-
tice? is to change the dimension in the trigonal di-
rection at the fractional rate of —18.1x10* kbar™
and the dimension perpendicular to the trigonal axis
at —6.4x10* kbar™, The distance between the sub-
lattices or the atomic positional parameter in-
creases’ at the fractional rate of ~11x10™ kbar™.

The Fermi surface of Bi is quite simple, consist-
ing of nearly ellipsoidal hole and electron sheets. °
The hole sheets are located near the point 7 in the
Brillouin zone with their long axes parallel to the
trigonal direction. The electron sheets are in the
trigonal-bisectrix plane with their long axes tipped
~96° from the trigonal direction in the sense 7'
toward X."



